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Abstract
Numerical results are presented and compared for four conservative upwind difference schemes for the shallow water equations
when applied to a severe dam-break problem that generates supercritical flow over a bed of decreasing depth. A comparison is also
made when the schemes are used to predict, in an approximate sense, the flow over a dry bed by replacing the dry bed by water of
an infinitesimal depth.
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1. Introduction
In a recent paper [1], four numerical upwind schemes for the one-dimensional shallow water equations were
compared when applied to a classical dam-break problem, including a consideration of the effect of treating part
of the flux balance as a source term. It was observed that as the depth on the downstream side decreases, the bore,
which is generated as the dam breaks, also decreases in height, the flow becomes supercritical and the features of the
flow are more difficult to capture.
In this paper we examine this phenomenon in more detail with two specific purposes. First we aim to examine and
compare the schemes’ abilities to predict accurately the solution of a problem which, in the limit, represents flow over
a dry bed, and second to determine if these schemes are capable of predicting, in an approximate sense, the flow over
a dry bed by replacing the dry bed by water of an infinitesimal depth.
2. The governing equations
The unsteady one-dimensional shallow water equations governing the motion of free-surface flows in a frictionless
channel of rectangular cross-section and zero bottom slope, can be written in conservation form as
ut + f x = 0, (2.1)
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where
u = (φ, φu)T (2.2)
are the conserved variables, and the flux function
f
(
u
) = (φu, φu2 + 1
2
φ2
)T
. (2.3)
The quantities φ = φ(x, t) = g × depth of fluid, where g is the acceleration due to gravity, and u = u(x, t)
denotes the velocity of the fluid, at some point x and at time t . For future reference, the quasi-linear form of Eq. (2.1)
is given by
ut + Aux = 0, (2.4)
where the Jacobian of the flux function f is given by
A = f
u
=
(
0 1
φ − u2 2u
)
. (2.5)
3. Conservative linearisation
The numerical schemes in [1] are based on a conservative linearisation approach which can be described, briefly,
as follows.
For a given cell C in the numerical grid, with a flux balance
Φ = −
∫
C
f
x
dx = −
[
f
]R
L
= −
(
f (uR)− f (uL)
)
= −1 f , (3.1)
denoting the change in flux balance across the boundaries of the cell, then a numerical approximation to Φ can be
defined by
Φˆ = −1x fˆ
x
= −1x Aˆuˆx , (3.2)
where 1x is the cell length and •ˆ indicates a discretised quantity. Having determined the precise form for Φˆ, the
distribution of the flux balance to the nodes at either end of the cell is then made using upwinding. Conservation
requires that the overall contribution to the nodes depends only on the boundary conditions. Thus, for a linearisation
represented by (3.2) to be conservative, the sum over the computational domain of the Φˆ should reduce to boundary
conditions alone. It follows from (3.1) that a linearisation is conservative if Φˆ = Φ for each cell, and the resulting
scheme is conservative provided all of the discrete flux balance is distributed to the nodes of the grid. We now give a
very brief summary of the schemes in [1].
4. Numerical schemes
Simple linearisations of the shallow water equations can be achieved by seeking discrete flux Jacobians Aˆ in (3.2)
which allows Φˆ to be easily decomposed into components and then an application of the upwinding technique. Further
details and derivation of these schemes can be found in [1].
Scheme 1
The first scheme has
Aˆz = A(z¯)+
(
0 0
1
4
(
1φ
1
2
)2
0
)
(4.1)
where overbar •¯ indicates the consistent evaluation of a quantity solely derived from the cell-average state given by
z¯ = 1
2
(zL + zR) (4.2)
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and where
z = √φ(1, u)T. (4.3)
The flux balance in (3.2) can then be written as
Φˆz = −1x
(
A(z¯)+
(
0 0
1
4
(
1φ
1
2
)2
0
))
u¯x = Φ¯z + qz, (4.4)
where that part of the flux balance:
Φ¯z = −1x A(z¯)u¯x (4.5)
is handled in the usual upwinding sense, and the term
q
z
= −1x
(
0 0
1
4
(
1φ
1
2
)2
0
)
u¯x =
(
0
−1
4
1φ
(
1φ
1
2
)2 ) (4.6)
is treated as a ‘source’ which is expected to be negligible in smooth flows, but to have an effect at discontinuities. The
gradient u¯x in (4.5) is projected onto the local eigenvectors of A(z¯), for which the eigenvalues and eigenvectors are
λi (z¯) =
√
φLuL +√φRuR√
φL +√φR ±
1
2
(√
φL +
√
φR
)
= u˜ ± ψ˜ (4.7a,b)
ei (z¯) = (1 , u˜ ± ψ˜)T (4.8a,b)
where
u˜ =
√
φL uL +√φRuR√
φL +√φR , ψ˜ =
1
2
(√
φL +
√
φR
)
, (4.9a,b)
representing approximations to the continuous values
λi = u ±
√
φ, ei = (1, u ±
√
φ)T. (4.10a–d)
Scheme 2
An alternative to the separate treatment of the terms in (4.5) and (4.6) in Scheme 1 is not to decompose the matrix
Aˆz but to upwind the total flux balance Φˆz in (4.4). This gives rise to the flux balance
Φˆz = − Aˆz1u = −1x Aˆz uˆx (4.11)
where the gradient uˆx is given by
uˆx =
1u
1x
. (4.12)
This flux balance is distributed according to the upwind philosophy, and thus the eigenvalues and eigenvectors of
Aˆz are required, which are
λi = u˜ ± ψˆ, ei = (1, u˜ ± ψˆ)T (4.13a–d)
where
ψˆ =
√
φ¯ =
√
1
2
(φL + φR) (4.14)
and u˜ is given by (4.9a).
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Scheme 3
This scheme is constructed in a similar way to Scheme 1 but where the vector in (4.3) is replaced by
z = (φ, u)T, (4.15)
and the corresponding matrix to (4.1) is given by
Aˆz = A(z¯)+
 0 01
12
(1u)2 − u¯
6φ¯
1φ1u
1φ1u
6φ¯
 . (4.16)
The flux balance in (3.2) can then be written as
Φˆz = −1x
A(z¯)+
 0 01
12
(1u)2 − u¯
6φ¯
1φ 1u
1φ1u
6φ¯
 u¯x = Φ¯z + qz, (4.17)
where that part of the flux balance:
Φ¯z = −1x A(z¯)u¯x (4.18)
is handled in the upwinding sense as in Scheme 1, and the term
q
z
= −1x
 0 01
12
(1u)2 − u¯
6φ¯
1φ1u
1φ1u
6φ¯
 u¯x =
(
0
−1
4
1φ (1u)2
)
(4.19)
is again treated as a ‘source’ and expected to be negligible in smooth flows, but to have an effect at discontinuities.
The gradient u¯x in (4.18) is projected onto the local eigenvectors of A(z¯), for which the eigenvalues and eigenvectors
are now
λi (z¯) = u¯ ± ψˆ, ei (z¯) = (1, u¯ ± ψˆ)T (4.20a–d)
where
u¯ = 1
2
(uL + uR), (4.21)
and ψˆ is given by (4.14).
Scheme 4
As for Schemes 1 and 2, an alternative to the separate treatment of the terms in (4.17) is not to decompose the
matrix Aˆz in (4.16) but to upwind the total flux balance Φˆz in (4.17). This gives rise to the flux balance as in (4.11)
where the gradient uˆx is given by (4.12). This flux balance is again distributed according to the upwind philosophy,
and thus the eigenvalues and eigenvectors of Aˆz are required, which are
λi = u¯ ± ˆˆψ, ei = (1, u¯ ± ˆˆψ)T (4.22a–d)
ˆˆ
ψ =
√
φ¯ + 1
4
(1u)2, (4.23)
where φ¯, u¯ are given in (4.14) and (4.21), respectively.
5. Dam-break problem
Consider a wide, frictionless channel whose bottom surface is flat, and a barrier placed across its width. The water
on one side of the barrier is at a different height to that on the other. At time t = 0 the barrier is removed and the
resulting flow consists of a bore (shock) travelling downstream and a depression wave travelling upstream. To treat
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Fig. 1. Plot of φ for height ratio of 10.
this problem numerically, consider a fixed region 0 ≤ x ≤ 1 with a barrier at x = 0.5, and denote the upstream water
height by φ1 and the downstream height by φ0. The governing equations are given by Eq. (2.1). The ratio R = φ1/φ0
determines whether the flow downstream of the barrier is subcritical or supercritical. For large values of the ratio R
the flow downstream of the barrier becomes supercritical and the flow features can be difficult to capture, as we see
by examining the exact solution.
6. Exact solution
In Figs. 1–6 we show the exact solution profile of the height and velocity at t = 0.2 for initial height ratios of
R = 10, 100,∞, the latter corresponding to a dry bed with downstream height φ0 = 0. In all cases we have taken the
upstream height as φ1 = 1. We see that as R increases, the bore height, φ2, decreases to zero, while the maximum flow
velocity at the bore, u2, and bore speed, S, both increase. In Figs. 7–9 we have plotted these three flow characteristics
against log10(R), and we see that as R → 0 then φ2 → 0, u2 → 2 and S → 2. Furthermore, in Figs. 10 and 11 we
show the corresponding exact solution for an initial height ratio of R = 109, which shows that taking an infinitesimal
bed height of value φ0 = 10−9 can be used to approximate the solution for the dry bed case of φ0 = 0. This is
important for the schemes here which are devised to operate in flow regimes where the fluid height φ is positive
everywhere.
7. Numerical results
Four different height ratios are taken: R = 10, 100, 1000, 109. For all cases we show the numerical results, together
with the exact solution [2], for the velocity u, since the bore height decreases to zero. All results in Figs. 12–26 are at
t = 0.2 and are computed using 500 mesh points to make a fair comparison of the schemes for this severe problem, and
using the minmod limiter [3]. Figs. 12–15 represent the cases R = 10, 100, 1000, 109, respectively, using Scheme 1.
Figs. 16–26 show the corresponding results using Scheme 2, 3 and 4, respectively, except that Scheme 3 fails for the
severest case R = 109. In all cases we see that the bore is difficult to capture but is approximated well for the three
ratios R = 10, 100, 1000. For the dry bed case, using the approximation of a height ratio of R = 109, the results
are comparable across Schemes 1, 2 and 4, but fails for Scheme 3, and clearly represent approximations to the exact
solution for this case.
8. Conclusions
All four schemes produce comparable results for the severe dam-break problem, particularly the capture of the bore
and, with the exception of Scheme 3, all are capable of predicting, in an approximate sense, the flow over a dry bed by
replacing the dry bed by water of an infinitesimal depth.
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Fig. 2. Plot of u for height ratio of 10.
Fig. 3. Plot of φ for height ratio of 100.
Fig. 4. Plot of u for height ratio of 100.
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Fig. 5. Plot of φ for height ratio of∞.
Fig. 6. Plot of u for height ratio of∞.
Fig. 7. Plot of φ2 against log10 (height ratio).
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Fig. 8. Plot of u2 against log10 (height ratio).
Fig. 9. Plot of S against log10 (height ratio).
Fig. 10. Plot of φ for height ratio of 109.
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Fig. 11. Plot of u for height ratio of 109.
Fig. 12. Scheme 1: Plot of u for height ratio of 10 with 500 cells.
Fig. 13. Scheme 1: Plot of u for height ratio of 100 with 500 cells.
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Fig. 14. Scheme 1: Plot of u for height ratio of 1000 with 500 cells.
Fig. 15. Scheme 1: Plot of u for height ratio of 109 with 500 cells.
Fig. 16. Scheme 2: Plot of u for height ratio of 10 with 500 cells.
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Fig. 17. Scheme 2: Plot of u for height ratio of 100 with 500 cells.
Fig. 18. Scheme 2: Plot of u for height ratio of 1000 with 500 cells.
Fig. 19. Scheme 2: Plot of u for height ratio of 109 with 500 cells.
P. Glaister / Computers and Mathematics with Applications 54 (2007) 296–309 307
Fig. 20. Scheme 3: Plot of u for height ratio of 10 with 500 cells.
Fig. 21. Scheme 3: Plot of u for height ratio of 100 with 500 cells.
Fig. 22. Scheme 3: Plot of u for height ratio of 1000 with 500 cells.
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Fig. 23. Scheme 4: Plot of u for height ratio of 10 with 500 cells.
Fig. 24. Scheme 4: Plot of u for height ratio of 100 with 500 cells.
Fig. 25. Scheme 4: Plot of u for height ratio of 1000 with 500 cells.
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Fig. 26. Scheme 4: Plot of u for height ratio of 109 with 500 cells.
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